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According to a celebrated conjecture of Gauss, there are infinitely many real
quadratic fields whose ring of integers is principal. We recall this conjecture in the
framework of global fields. If one removes any assumption on the degree, this leads
to various related problems for which we give solutions; namely, we prove that
there are infinite families of principal rings of algebraic functions in positive charac-
teristic, which are extensions of a given one, and with prescribed Galois, or
ramification, properties, at least in some particular cases.  2000 Academic Press
1. INTRODUCTION
In Section V of Disquisitiones Arithmeticae [4], C. F. Gauss writes at
art. 304:
It is a curious question and it would not be unworthy of a
geometer’s talent to investigate the law in accordance with which
[ positive nonsquare] determinants having one class in a genus
become increasingly rare. Up to the present we cannot decide
theoretically nor conjecture with any certainty by observation
whether there is only a finite number of them (this hardly seems
probable), or that they occur infinitely rarely, or that their
frequency tends more and more to a fixed limit. The average
number of classes increase by a ratio that a hardy greater than
that of the number of genera and far more slowly than the square
roots of the determinants.
In modern language this question can be reformulated along the follow-
ing lines: The abovementioned determinants are the discriminants of real
quadratic fields. If D>0 is such a discriminant, then we denote by Cl(D)
the class group of the corresponding real quadratic field K=Q(- D), and
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by OK its ring of integers. Thus |Cl(D)|=1 if and only if OK is a principal
ideal domain. Let Cl0(D)/Cl(D) be the subgroup of elements of odd
order; then |Cl0(D)| equals the number of classes in each genus. Let 2 be
the set of discriminants D with |Cl0(D)|=1. Gauss says that ‘‘it hardly
seems probable’’ that the set 2 is finite. Now if D is a prime discriminant
then the order of Cl(D) is odd and Cl(D)=Cl0(D). It looks natural to
strengthen the supposition of Gauss by assuming that this still holds for the
set of prime discriminants. We are thus led to the following:
Gauss Conjecture. There are infinitely many real quadratic fields whose
ring of integers is principal.
Gauss also asks whether the set 2 has a (natural) density. The Cohen
Lenstra heuristics [2] predict that the density does exist and equals
1< ‘

n=2 \1&
1
2n+ !(n)=0, 7544...,
where ‘(s) is the Riemann zeta function, which is confirmed by extensive
calculations. However, even the following conjecture remains unproved.
Weak Gauss Conjecture. There are infinitely many number fields whose
ring of integers is principal.
The contents of this article are as follows. In Section 2, we generalize the
Gauss Conjecture to global fields and then specialize it to some particular
cases, namely the complex quadratic fields and hyperelliptic function fields.
Then we state the related problems for the function fields case that we are able
to solve, the ‘‘Main Problem’’ and four of its weaker versions (Problem 2.7),
where one asks for infinite families of principal rings of algebraic functions
in positive characteristic, which are extensions of a given one, and with
prescribed Galois, or ramification, properties. A first example is given in
Theorem 2.6: roughly speaking, this theorem says that the analog of the
Weak Gauss Conjecture holds for the fields Fq(T ), if q=4, 9, 25, 49, or
169. We translate the statements of the preceding section into a geometric
language in Section 3. In Section 4, we state two criteria of finiteness of the
Hilbert class field tower of a given extension. The first one (Theorem 4.2)
is a principality criterion, the second one (Theorem 4.5) a finiteness
criterion. In Section 5 we introduce modular curves (classical as well as
Drinfeld’s) and recall the main properties of these curves that we need to
solve our problems. We can then prove that their class field towers are
finite (Propositions 5.8 and 5.13). In Section 6 we solve the Main Problem:
the solutions are defined in Theorem 6.1, and we describe some particular
cases in subsequent corollaries which imply the above analogue of the
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Weak Gauss Conjecture. Finally, in Section 7, we give more solutions of
the other versions of the Main Problem, stated in Theorem 7.1, Theorem
6.10, and Proposition 7.5.
2. RELATED CONJECTURES AND PROBLEMS ON
GLOBAL FIELD EXTENSIONS
Global Fields
Recall that algebraic number fields are global fields in characteristic
zeros, those in positive characteristic being function fields, i.e., fields of
rational functions on irreducible curves over finite fields. We shall consider
pairs (K, S) where K is a global field and S is a finite nonempty set of
places of K. In the case of algebraic number fields, we also assume that S
contains the set S of archimedean places of K. The ring of S-integers in
K is
AS= ,
P  S
OP ,
where OP is the local ring at P. This is a Dedekind ring with finite class
group Cl(AS), called the group of S-classes of K. If K is an algebraic number
field and if S=S , then AS is equal to the ring OK of integers of K.
2.1. Remark. Let K be a global field, and let S and S$ be two sets of
places of K with the above properties. If S$/S, then AS$ /AS ; if I(S&S$)
is the free abelian group generated by prime ideals corresponding to the
places in S&S$, there is an exact sequence
I(S&S$)  Cl(AS$)  Cl(AS)  1. (2.1)
Hence the following conditions are equivalent:
 The ring AS is principal, or factorial.
 If S$/S, the group Cl(AS$) is generated by the prime ideals corre-
sponding to the places in S&S$.
In particular, the ring AS is principal if S is sufficiently large: it suffices
to take any set S$ and to choose for S the set of places corresponding to
a family of prime ideals generating Cl(AS$).
Let us fix such a pair (K0 , S0). A pair (K, S) is called an extension of the
pair (K0 , S0) if K is an extension of K0 and S is exactly the set of places
of K lying over S0 .
2.2. Main Conjecture. For any pair (K0 , S0) with Cl(AS0) trivial, there
are infinitely many extensions (K, S) such that:
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(1) All the places of S0 split completely in K.
(2) The extension KK0 is of degree two.
(3) The ring AS is principal (i.e., the group Cl(AS) is trivial).
If one chooses K0=Q and S0=[P], where P is the archimedean
place of Q, one gets the Gauss conjecture of the last section.
One can observe that Conditions 1 and 3 are antinomicals: as S
increases, there are more and more extensions satisfying Condition 3, but
it is less and less probable that they will satisfy Condition 1.
Let us look at some particular cases of the Main Conjecture.
Complex Quadratic Fields
Let l be a prime number and let K be a complex quadratic number field
of discriminant D<0. Assume that (l)=ll is split in K. The ring
OK[1l]=[x # OK | lx # OK]
is the integral closure of Z[1l] in K and the exact sequence (2.1) implies
Cl(OK[1l])=Cl(OK)I(l).
Take K0=Q and S0=[P , l]. Then S=[P , l, l ] and AS=OK[1l], in
such a way that Conjecture 2.2 becomes:
2.3. Conjecture. There are infinitely many complex quadratic fields K
such that:
(1) The number l is split in K.
(2) The ring OK[1l] is principal.
This conjecture suggested by Gross appears in the paper by Cohen and
Lenstra [2]. Their heuristics predict that the set of discriminants of such
fields has the same density as above.
Hyperelliptic Function Fields
Let K0=k(T ) where k is a finite field of characteristic p, and let P be
the place defined by the degree. If one chooses S0=P then Conjecture 2.2
becomes:
2.4. Conjecture. There are infinitely many extensions Kk(T ) such that:
(1) The place P is completely split in K.
(2) The field K is hyperelliptic.
(3) If S is the set of divisors lying over P , then the group Cl(AS)
is trivial.
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Conjecture 2.4 is also open; in fact, we do not know any example of a
pair (K0 , S0) for which Conjecture 2.2 is proved (note that the construc-
tions of Madan [10] and of Schmidt [16] give only a finite number of
extensions for a fixed K0). Note also that it is proved in [8] that if P is
inert in K (an analogue of a complex quadratic field) then the set of quad-
ratic extensions KK0 with principal ring of S-integers is finite. In [3]
one finds an analogue of CohenLenstra’s heuristics in the situation of
Conjecture 2.4.
Using a description of hyperelliptic fields given by Le Brigand [8], one
can reformulate Conjecture 2.4 as follows. Let p>2; we call a monic poly-
nomial D(T ) in k[T] of even degree 2m and without square factors a
fundamental positive discriminant.
2.5. Conjecture. Let k be a finite field of characteristic p>2. There are
infinitely many fundamental positive discriminants D(T ) such that the ring
k[T, - D] is principal.
There is a similar reformulation of Conjecture 2.4 for p=2 which uses
the canonical form of ArtinSchreier extensions as described, for instance,
in [8].
Related problems
Since the Main Conjecture is inaccessible at the moment, we formulate
some related problems which are a series of weaker versions of this conjec-
ture. Some of these are weak enough to be solved in some cases in the
function field case, as we shall see below.
An example of the problems for which we find a solution in the following
analog in positive characteristics of the Weak Gauss Conjecture stated in
the Introduction:
2.6. Theorem. Assume q=4, 9, 25, 49, or 169. Let P # P1(Fq). Then
there are infinitely many extensions (K, S) of the pair (Fq(T ), [P]) such
that:
(1) The place P completely splits in K.
(2) The field K is a Galois extension of Fq(T ).
(3) The ring AS is principal.
The proof of this theorem follows from Theorem 6.1: see Corollaries 6.5
and 6.8. We now state in more detail the various problems that we want
to study.
2.7. Problem. Let there be given a pair (K0 , S0), where the constant
field of K0 is k and where S0 is a non-empty set of places of degree one,
113THE GAUSS PROBLEM FOR FUNCTION FIELDS
with Cl(AS0) trivial. Then construct infinitely many extensions (K, S) of
(K0 , S0) satisfying the following conditions:
(1) Either:
A. the places in S are k-rational, or
B. all the places in S0 split completely in K.
(2) We have one of the following:
A. The extension KK0 is arbitrary (i.e., Galois or not), but the
genus of K is >0.
B. The extension KK0 is Galois.
C. The extension KK0 is of degree two.
(3) The ring AS is principal.
We say that Problem XY for (K0 , S0) has a solution if we are able to
construct infinitely many extensions of (K0 , S0) satisfying conditions (1.X)
and (2.Y) and Condition 3. We shall refer to Problem BB as the Main
Problem.
Main Conjecture BC
Main Problem BB
Problem BA Problem AB
Problem AA
From now on we consider exclusively the function field case. In this case,
we shall give numerous examples of pairs (K0 , S0) for which these
problems have solutions.
3. GEOMETRIC SETTING
From now on p is a fixed prime number, q is a power of p, and k=Fq is
the finite field with q elements.
It will be more convenient for us to use the geometric language of curves
and their Jacobians rather than the algebraic language of function fields
and ideal class groups. Let us recall some results that we need. We shall
only consider function fields with the constant field k, i.e., only absolutely
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irreducible nonsingular projective curves over k, and we simply call them
curves over k.
Let X be such a curve over k of genus g= g(X), and let K=k(X) be the
corresponding function field. We assume X(k) to be nonempty. Recall that
the Jacobian JX of X is an abelian variety over k of dimension g such that
JX (k)=Pic%(X), where Pic%(X) is the group of divisor classes of degree 0 of
X defined over k. We write
hK=|JX (k)|=|Pic%(X)|.
If S is a finite nonempty subset of X(k), the subring AS of S-integers of K
defined in Section 2 can be identified with the algebra Ak(US) of regular
functions defined over k on the affine open set Us=X&S. Hence, the
Picard Group Pic(US) of US can be identified with the class group Cl(AS)
and the number of S-classes of K is equal to
hS=|Cl(AS)|=|Pic(US)|.
If we choose a point P0 # X(k), the map
%: P [ cl(P&P0),
where cl(P&P0) is the class of the divisor P&P0 in JX , defines a regular
embedding of X into JX defined over k. In particular, %(S)/JX (k) and one
can consider the finite subgroup JS of the group JX (k) generated by %(S).
Write
\S=|JS |.
One has the following well-known result [9, p. 247; 14, p. 99]:
3.1. Proposition. If S/X(k), there is an exact sequence
0  JS w
i JX(k) w
r Cl(AS)  0,
where i is induced by inclusion and r by truncation. In particular, the Schmidt
Formula holds:
hK=\S hS .
This implies immediately:
3.2. Corollary. The ring AS is principal if and only if JX (k)=JS , i.e.,
if the image of S generates JX (k).
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One can then reformulate Conjectures 2.2 and 2.4, as well as the
problems of Section 2, in geometric terms of Jacobians. More precisely, let
X0 be (the unique up to isomorphism) absolutely irreducible nonsingular
projective curve over k which corresponds to K0 . Then an extension (K, S)
of (K0 , S0) corresponds to a dominant map ?X : X  X0 defined over k,
where X is the nonsingular projective absolutely irreducible model of K, in
such a way that ?&1(S0)=S and we get the diagram
S/X(k) X
?X ?X
S0 /X0(k) ww X0 .
Such a couple (X, S), together with the map ?X : X  X0 , satisfying the
preceding conditions is called a covering of (X0 , S0).
Hence, Conditions 1, 2 and 3 of Conjecture 2.2 translate easily, giving
the following geometric version of that conjecture.
3.3. Conjecture. For any pair (X0 , S0), where X0 is a curve over k and
S0 is a subset of X0(k), there are infinitely many coverings (X, S) satisfying
the following conditions:
(1) All the places of S0 split completely in K.
(2) The morphism ?X is of degree two.
(3) The image of the set S generates the group JX (k) of k-rational
points of the Jacobian JX of the curve X.
In particular, Conjecture 2.4 can be rewritten as:
3.4. Conjecture. For any finite field k there are infinitely many coverings
(X, S) of (P1, ) such that:
(1) We have S=[P1 , P2] and S/X(k).
(2) The covering ?X is hyperelliptic.
(3) The group JX (k) is cyclic, generated by the class of P1&P2 .
A recent result by Lenstra [7] on the generators for the Jacobian of a
hyperelliptic curve over a finite field shows that there are many extension
(K, S) of (K0 , S0) satisfying the conditions of Conjecture 3.3 for K0=k(T )
and S0 /k; nevertheless the set of such extensions of a fixed pair (K0 , S0)
provided by Lenstra’s result is always finite. Let us give a typical corollary
of Lenstra’s result.
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3.5. Proposition. Let k be a finite field of characteristic p>2. Let
X0=P1k and let f # k[T] be an irreducible polynomial of odd degree 2g+1,
with g1. Define
S0=[a # K | f (a) # k_2].
Let X be the hyperelliptic (or elliptic) curve over k given by the equation
y2= f (z), and let S be the set of points over S0 . If
g
- q
8
&
1
2
,
then the extension (X, S) of (X0 , S0) satisfies the three conditions of
Conjecture 3.3.
3.6. Corollary. The number of extensions (K, S) of (K0 , S0) in
Proposition 3.5 satisfying the three conditions of Conjecture 3.3 is at least
q[(- q8)&1](1+o(1)).
We now state the problem related to the previous conjectures for which
we present some solutions.
3.7. Problem. Given a pair (X0 , S0), where X0 is a curve over k and S0
is a subset of X0(k) generating the group JX0(k), construct infinitely many
coverings (X, S) satisfying the following conditions:
(1) Either:
A. all points in the set S are k-rational, or
B. all the places of S0 split completely in K.
(2) We have one of the following:
A. The covering ?X is arbitrary (i.e., Galois or not), but g(X)>0.
B. The morphism ?X is a (maybe ramified) Galois covering.
C. The morphism ?X is of degree two.
(3) The image of the set S generates the group JX (k).
If Conditions A and B are satisfied, we say that (X, S) is an almost
totally split Galois covering of (X0 , S0).
4. CLASS FIELDS AND CLASS FIELD TOWERS
Let, as above, X be a curve over k of genus g2, and let S/X(k).
Consider the set HS of unramified extensions of the field K=k(X)
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contained in a fixed separable closure of K in which the elements of S split
completely. The set HS has a maximal element HS which is called the
Hilbert class field of K with respect to S (cf. Rosen [15]). The extension
HS K is of finite degree, and there is a canonical isomorphism
Cl(AS)[Gal(HS K).
The extension HSK is of finite degree, which equals the order hS of the
factor group JX (k)JS . Let YS be the curve over k corresponding to
the field HS in such a way that HS=k(YS). Then one has an abelian
unramified covering
.S : YS  X,
defined over k and of degree hS . The Hurwitz Genus Formula [19, p. 88]
gives for the genus gS of the curve YS ,
gS&1=hS(g&1). (4.1)
Let SY :=0&1S (S)/YS(k). Then one easily obtains [12, p. 317]
4.1. Lemma. If g2, then
|SY |
gS&1
=
|S|
g&1

|YS(k)|
gS&1

|X(k)|
g&1
.
Proof. Indeed,
|SY |=hS |S||YS(k)|hS |X(k)|,
and one gets the result using Formula (4.1). K
4.2. Theorem. Let g2, and assume
2 |S|&|X(k)|>2(g&1) - q.
Then hS=1.
Proof. We have
hS |S|&|X(k)||YS(k)|&|X(k)|.
The generalized Weil inequality [1, p. 467] shows that
| |YS(k)|&|X(k)| |2(gS& g) - q.
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Using the two last inequalities and the formula gS& g=(hS&1)(g&1),
which follows from Formula (4.1), one easily sees that
(hS&1) |S|2(hS&1)(gX&1) - q+(|X(k)|&|S| ),
which can be rewritten, for hS2, as
|S|2(g&1) - q+|X(k)|&|S| ,
which proves the theorem. K
4.3. Corollary. Assume g2 and let S=X(k). Then the condition
|X(k)|
g&1
>2 - q
implies hS=1. This condition is satisfied if
g< f (q) :=
(- q+1)2
4 - q
,
and, in particular, if g=2 and q37.
Proof. The first part of the corollary follows immediately from the
theorem. On the other hand, the Weil inequality implies
|X(k)|q+1&2gX - q;
thus the condition g< f (q) implies
|X(k)|
g&1

q+1&2g - q
g&1
>2 - q.
Also, one notes that f is a nondecreasing function of q and f (37)>2. K
Note that Theorem 4.2 implies hS=1 for any curve reaching the Weil
bound; Quebbemann [13] previously obtained a weaker result. Note also
that for a fixed field k there can exist only a finite number of curves satisfying
the condition of Corollary 4.3, since one has the following result [20, p. 181]:
4.4. Proposition (DrinfeldVla$ dut Inequality). For a fixed finite field k
and for any %>1 the set of curves X over k such that
|X(k)|%gX (- q&1)
is finite.
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For the convenience of the reader, we now recall a classical criterion on
the finiteness of class field towers, cf. for instance [17, Prop. 2.2]. Let the
pair (X, S) be as above. The (geometric) class field tower of (X, S) is the
sequence of pairs (Xn , Sn) which is constructed inductively for n0 from
X0=X and S0=S in such a way that (Xn+1 , Sn+1) is the abelian ramified
covering of (Xn , Sn) corresponding to the Hilbert class field of (Kn , Sn),
where Kn=k(Xn).
4.5. Theorem. Let X be a curve of genus 2 over Fq and let S be a
non-empty set of rational places of X. If
|S|
gX&1
>- q&1
then the class field tower of the pair (X, S) is finite.
Proof. Using Lemma 4.1 one sees that
|Sn+1|
gn+1&1
=
|Sn |
gn&1

|Xn+1(k)|
gn+1&1

|Xn(k)|
gn&1
.
Thus for any n0 we have
|S|
gX&1

|Xn(k)|
gn&1
,
and by Proposition 4.4 the set of curves Xn is finite. K
4.6. Corollary. Assume that the condition of the preceding theorem is
satisfied, let (Xm , Sm) be the last pair in the class field tower of (X, S), and
let Jm be the Jacobian of Xm . Then Jm(k) is generated by the image of Sm .
5. MODULAR CURVES
In this section we recall the results that we need on two types of modular
curves, namely the classical and those of Drinfeld. One finds the proofs of
the results of the next two subsections in [20, Chap. 4].
Classical Modular Curves
Throughout this subsection q= p2.
5.1. Let n2 be an integer prime to p, and let Xn be the modular
curve of level n over k. More precisely, Xn is the reduction of the curve
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X(n)Z(n) to characteristic p, where X(n) is the classical modular curve of
level n and Z(n) is the center of the group SL2(2, ZnZ) canonically acting
on X(n).
5.2. The j invariant defines a covering
jn : Xn  P1.
The covering jn is Galois with group PSL2(ZnZ); thus if +n is the degree
of this covering, then +2=6 and
+n=
n3
2
‘
l prime, l | n \1&
1
l2+ if n3.
The curve Xn is an absolutely irreducible nonsingular projective curve
over k, of genus
gn=1+
+n
12
n&6
n
.
5.3. The covering jn is unramified outside the points lying over the
three points [0, 1728, ] of P1; the ramification indices eP at the ramified
points are equal to the following values:
 if p5, then eP=2 for P lying over 1728, and eP=3 for P lying
over 0;
 if p=3, then eP=6 for P lying over 1728=0;
 if p=2, then eP=12 for P lying over 1728=0.
Moreover, eP=n for P lying over  in any case.
5.4. Let S1 /A1(k) be the set of supersingular values of the j
invariant in characteristic p. Then for any point P # S1 the preimage j &1n (P)
consists of k-rational points. If Sn= j &1n (S1)/Xn(k), then
|Sn |=
+n
12
( p&1).
5.5. Corollary. The pair (Xn , Sn) is a Galois almost totally split cover-
ing of the pair (P1, S1). Moreover, if p#1 (mod 12) this covering is totally
split, i.e., unramified at S1 .
Proof. We only prove the last assertion. Indeed, for p#1 (mod 12) the
values 0 and 1728 are not supersingular and thus the covering jn is
unramified over S1 . K
The pairs (Xn , Sn) have the following remarkable property [5].
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5.6. Theorem (Ihara). Let Jn be the Jacobian of Xn . Then the group
Jn(k) is generated by Sn .
This result describes the abelian unramified coverings of the pair (Xn , Sn).
Ihara’s (difficult) proof gives in fact much more; namely, it describes all
unramified coverings of the pair (Xn , Sn) and not only the abelian ones.
However, we just need Theorem 5.6.
5.7. Remark. Theorem 5.6 has been generalized in [6] to many Shimura
curves other than modular ones; in principle the results of [6] can be applied
also to our problems, but we do not purpose this subject in the present paper
since it is not easy to write down explicit examples of such applications.
In the present paper, we obtain a weaker version of Theorem 5.6 using
a much more modest technique than Ihara does, namely Theorem 4.5.
5.8. Proposition. If n7, the class field tower of the pair (Xn , Sn) is
finite.
Proof. It follows from (5.4) that
|Sn |
gn&1
=
n
n&6
( p&1)>p&1.
Applying Theorem 4.5 we get the result (remark that gn2 if n7). K
Drinfeld Modular Curves
Throughout this subsection
q= p2a with a1, and r=- q= pa.
5.9. Let A=Fr[T], and let I=( pI) be an ideal in A generated by a
monic polynomial pI of odd degree m=mI , with gcd(m, r&1)=1. We assume
that pI is without multiple roots and that pI (0){0, i.e., gcd( pI , T )=1. We
write
pI= pI, 1 } } } pI, s
with irreducible monic polynomials pI, j of degree m j which we also assume
to be odd and prime to r&1. Let XI be the associated Drinfeld modular
curve over k: more precisely, XI is the reduction under the projection
A  A(T )=Fr
of the curve X(I )Z(I ), where X(I ) is the Drinfeld modular curve of level
I over A and Z(I ) is the center of the group GL(2, AI ) canonically operat-
ing on X(I ).
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5.10. Recall that there is a canonical covering
?I : XI  XI PGL2(AI )=P1
of degree
&I=|PGL2(AI )|=rm ‘
s
j=1
(r2mj&1).
The curve XI is an absolutely irreducible nonsingular projective curve over
k, of genus
gI=1+
r2m(rm&r&1)
r2&1
‘
s
j=1
(1&r&2mj).
5.11. The covering ?I is unramified outside the points lying over the
points 0 and  of P1, the ramification indices being equal to r+1 for
points lying over 0.
5.12. The fiber SI :=?&1I (0) consists of k-rational points, and
|SI |
gI&1

rm(r&1)
rm&r&1
>r&1=- q&1.
Applying, as above, Theorem 4.5 we get
5.13. Proposition. The class field tower of the pair (XI , SI) is finite.
On the other hand, one does not know whether an analogue of Theorem
5.6 holds for the curves XI , although one can suppose this to be the case.
6. APPLICATION OF CLASSICAL MODULAR CURVES TO
THE MAIN PROBLEM
In this section q= p2.
We show here that one can apply Theorem 5.6 in order to get a solution
of the Main Problem in a number of cases; note also that Propositions 5.8
and 5.13 are not powerful enough for this purpose while Proposition 5.13
gives solutions of certain particular cases of Problem BA as we shall see in
this section.
We introduce some notation. Let H be a subgroup of PSL2(ZnZ) for
some positive integer n not divisible by p. The quotient curve XH=XnH
is an absolutely irreducible nonsingular projective curve over k. Let SH be
the image of Sn in XH , in such a way that SH /XH(k). We denote by 1H
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the inverse image of H in the modular group PSL2(Z). In particular, if
H=[1] is the trivial subgroup of PSL2(ZnZ), then 1H is the principal
congruence subgroup 1(n). If H=B is the subgroup of upper triangular
matrices in PSL2(ZnZ), then 1B=10(n). We denote in this case the curve
XB by X0(n); it is the reduction of the classical curve X0(n) to characteristic
p. And we denote by S0(n) the image of Sn in X0(n).
6.1. Theorem. The Main Problem has a solution for the pairs (XH , SH)
if H satisfies the following conditions:
 p#1 (mod 12): H is an arbitrary subgroup of PSL2(ZnZ).
 p#5 (mod 12): 1H has no element of order 3.
 p#7 (mod 12): 1H has no element of order 2.
 p#11 (mod 12) or p=2, 3: 1H is torsion free.
Proof. Let m be a positive integer prime to p and n, and introduce the
natural covering
jmn, H : (Xmn , Smn)  (XH , SH).
Let us prove that the covering jmn, H satisfies all coincides of the Main
Problem 3.7. Indeed, Condition 3 in that problem is satisfied by Theorem
5.6. Since the corresponding Galois group is 1H 1(mn), Condition 2.5 of
the problem is obvious. In order to prove Condition 1.B, it is sufficient to
show, since Smn /Xmn(k), that the covering jmn, H is unramified at any
point P # Smn . According to [18, Prop. 1.37, p. 20], or [20, p. 403], the
ramification index of jmn, H at P equals the order of the stabilizer HP of the
point P under the action of the group H on Smn . Now compare the well
known ramification structure of the covering
jmn : Xmn  P1
with the conditions of the theorem in a case-by-case study. K
6.2. Corollary. Assume n3. Then the Main Problem has a solution
for the pair (Xn , Sn).
Proof. This is the case where H is the trivial subgroup of PSL2(ZnZ).
Since 1(n) is torsion free if n3, the result follows from Theorem 6.1. K
6.3. Corollary. Assume p#1 (mod 12). Let X0=P1, and let S0=S1
be the set of supersingular values of the j invariant in characteristic p. Then
the Main Problem has a solution for the pair (X0 , S0).
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Proof. This is the case H=PSL2(ZnZ). K
6.4. Assume p>2, and let S(*) be the set of roots of the equation
:
( p&1)2
i=0 \
( p&1)2
i +
2
*i=0.
Then by [20, pp. 201] the set S1 of supersingular values of the j invariant
is equal to the image of the set S(*) by the rational function
j2(*)=28
(*2&*+1)3
*2(1&*)2
.
6.5. Corollary. Assume q=169, and let P # P1(k). Then the Main
Problem has a solution for the pair (P1, [P]).
We have thus proved Theorem 2.6 if q=169.
Proof. The modular curve X1 is equal to P1. With the help of (6.4),
one checks that if q=169, then the set S0=S1 has only one point P1 ,
hence the Main Problem has a solution for the pair (P1, [P1]), according
to Corollary 6.3. Now we can choose any other point of P # P1(k) since all
such points are equivalent under PGL2(k). K
6.6. Corollary. Assume p#1 or 5 (mod 12). Let X0=P1 and S0=S(*).
Then the Main Problem has a solution for the pair (X0 , S0).
Proof. In Theorem 6.1, take n=2 and choose for H the trivial subgroup
of PSL2(Z2Z). Then X2=P1 and j &12 (S1)=S(*). K
6.7. Corollary. The Main Problem has a solution for (X0(n), S0(n)) if
n is prime to p and if one of the following conditions is satisfied:
(1) p#1 (mod 12).
(2) p#5 (mod 12): n is divisible by 9 or has a prime divisor l#2
(mod 3).
(3) p#7 (mod 12): n is divisible by 4 or has a prime divisor l#3
(mod 4).
(4) p#11 (mod 12) or p=2, 3: n satisfies both Conditions 2 and 3.
Proof. Here 1H=10(n) and the result follows from Theorem 6.1
and the description of the torsion in 10(n) ([18, Prop. 1.43, p. 24] or
[20, p. 404]). K
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6.8. Corollary. Assume that q=4, 9, 25, or 49, and let P # P1(k).
Then the Main Problem has a solution for the pair (P1, [P]).
We have thus proved Theorem 2.6 for the values of q mentioned above.
Proof. Assume that q and n are choosen according to the following
array:
p: 2 3 5 7
q: 4 9 25 49
n: 9 4 2 3
If p=2, 3, or 5 then X0(n)=P1 and the set S0(n) has only one point P. If
we apply Corollary 6.7 to these pairs, we see that the Main Problem has
a solution for the pair (X0(n), S0(n)) for the values of q and n in the array.
If p=7, we consider the pair (X$0(3), S$0(3)) which is obtained from
(X0(3), S0(3)) by factoring under the AtkinLehner involution. K
6.9. Remark. In Corollaries 6.3 and 6.6 the curve X0 is equal to P1.
One thus finds for each prime p several examples of subsets of P1(k) for
which the Main Problem has a solution. This is the case, for instance, if
S0=P1(F4), if S0=P1(F9), or if S0 is a certain subset of P1(F9) with
|S0 |=4, etc.
It is worth noting, however, that the number of cases where we gave a
solution of the Main Problem, or rather their equivalence classes under the
group PGL2(k), is bounded by a constant independent of p. Thus these
examples are scarce exceptions among all subsets of P1(k).
One can use the results of this section to give solutions to Problem AB.
Recall that as the Main Problem is stronger, any one of its solutions will
give also a solution to this problem. The proof of Theorem 6.1 gives:
6.10. Theorem. Assume q= p2. If H is any subgroup of PSL2(ZnZ),
then Problem AB has a solution for the pair (XH , SH).
6.11. Corollary. Assume q= p2. Let X0=P1, and let S0=S1 be the
set of supersingular values of the j-invariant in characteristic p. Then
Problem AB has a solution for the pair (X0 , S0).
6.12. Corollary. Assume q= p2 and let n2 be prime to p. Then
Problem AB has a solution for the pairs (X0(n), S0(n)).
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7. APPLICATION OF DRINFELD MODULAR CURVERS TO
THE PROBLEMS
Throughout this section,
q= p2a with a1, and r=- q= pa.
In this section we show that one can apply the results of Section 5 in order
to give a solution to Problems BA and AA.
We first consider Problem BA. Let XI be the Drinfeld modular curve
over k=Fq for some ideal I of A=Fr[T] satisfying the conditions of (5.9).
Let G be a subgroup in PGL2(AI ); since this group acts naturally on XI
we can consider the quotient curve XG=XG, as well as the subset
SG /XG(k) which is the image of the set SI . In particular, if G is the group
BI of upper triangular matrices in PGL2(AI ) then we get the pair
(X0(I ), S0(I )).
7.1. Theorem. Let G be a subgroup in PGL2(AI ) without elements of
order r+1. Then Problem BA has a solution for the pair (XG , SG).
Proof. Let J/I be another ideal of A satisfying the conditions of (5.9),
and let
(X (1)J , S
(1)
J )  (X
(2)
J , S
(2)
J )  } } }  (X J , S J)
be the geometric class field tower of the pair (XJ , SJ) which is finite by
Proposition 5.2. Then the covering
(X J , S J)  (XG , SG),
satisfies Conditions 1.B and 3 of Problem 2.7. Indeed, all of the conditions
are obvious except the unramifiedness which follows from (5.11). Among
those coverings, there are infinitely many distinct ones, because the genus
of XJ tends to infinity as the degree of pJ grows, and the theorem is there-
fore proved. K
7.2. Corollary. Problem BA has a solution for (X0(I ), S0(I )).
7.3. Example. Let m=1 and G=[1] in Theorem 7.1. Then X1=P1
and SG is a subset of A(k) of cardinality q&r, and one can show without
difficulty that in fact SG=Fq&Fr . Corollary 7.2 for m=1 gives the pair
(P1, S0) where S0 consists of a single k-rational point; it does not matter
which one, since all such points are equivalent under PGL2(k). If q=4 and
r=3 we deduce that Problem BA has a solution for any set S0 /P1(F4) of
cardinality 1, 2, or 5.
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7.4. Example. From Example 7.3 we know that Problem BA has a
solution for the pair (P1, Fq&Fr). Note that |Fq&Fr |=r(r&1). Let t be a
divisor of r&1, and consider the k-rational regular morphism of degree t:
.t : P1  P1, .t(x)=xt.
Let us denote by S0 the image of Fq&Fr under .t . Then S0 /P1(k) and
|S0 |=r(r&1)t. Since any point of S0 splits completely under .t , we get in
this way a solution for Problem BA for the pair (P1, S0).
For r=3 this gives a solution for the pairs (P1, S0) with S0 /P1(F9) of
cardinality 1, 3, 4, 6, or 10. Moreover, applying to a set of cardinality 4 a
map of degree 2 defined by a quadratic polynomial, one easily finds a set
S0 /P1(F9) of cardinality 2 satisfying the same condition, which implies
that this is the case for any such set, all of them being equivalent under
PGL2(k).
Finally, about Problem AA, we can use the curves XG introduced at the
beginning of this section in order to get new cases where this problem has
a solution, the proof being the same as that of Theorem 6.1:
7.5. Proposition. If G is any subgroup in PGL2(AI ), then Problem AA
has a solution for (XG , SG).
One can get some additional examples solving Problem AA using a
technique similar to that applied for Examples 7.3 and 7.4.
Note added in proof. M. Perret kindly informed us that he has found
some solutions to Problem AA. The methods are entirely different. His
results will be found in an article to appear in this journal.
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